Separable boolean functions and generalized Fibonacci sequences  by Wang, Guo-Jun
PERGAMON 
An Inlemdo~d Jounud 
computers & 
mathematics 
with q~k.morm 
Computers and Mathematics with Applications 39 (2000) 205-216 
www.elsevier.nl/locate/camwa 
Separable Boolean Functions 
and Generalized Fibonacci Sequences 
Guo- JuN WANG 
Institute of Mathematics, Shaanxi Normal University, Xi'an 710062, P.R. China 
(Received May 1998; revised and accepted March 1999) 
Abst ract - - I t  is well known that the Boolean functions can be represented by two-layer percep- 
trons, and a part of them, namely separable Boolean functions, can be represented by one-layer 
perceptrons. How many separable Boolean functions of n variables there are is an open problem. 
On the other hand, given a n-element set X, how many antichains does 7~(X) have is also an open 
problem. This paper established an inequality reflecting the relationship between these two open 
problems. Second, this paper introduced two classes of Boolean functions which are generalizations 
of AND-OR functions and OR-AND functions, respectively, and proved that they are all separa- 
ble and the weights in representing them are exactly terms of corresponding generalized Fibonacci 
sequences.(~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
A Boolean function with n variables is a mapping f : {-1, 1} n * {-1, 1}. It is proved in propo- 
sitional calculus that every Boolean function f(Xl,..., xn) with statement variables X l , . . . ,  xn 
can be expressed as a logic function [1] by using logic connectives 7, V, and A, especially, the 
disjunctive normal form: 
/ ( z l , . . . ,xn)  = (Q ,  ^ . . .  ^  Qln) v . . .  v (Qml A-..  A Qm ), (1) 
where Q+j is either a s tatement  variable x# or the negation -~xj of the statement  variable x#. I t  
follows immediate ly  from (1) that  f can be represented by a two-layer perceptron as in F igure 1, 
where w+j = 1 whenever Qi j  = x j ,  and wij = -1  whenever Q~j = -~xj. Briefly speaking, all 
Boolean functions can be represented by two-layer perceptrons. On the other hand, there exist 
Boolean functions, the so-called separable Boolean functions, which can be represented by one- 
layer perceptrons.  Not all Boolean functions are separable, the simplest counter example is the 
two-var iable function XOR, defined as 
f (x l ,x2)=l ,  i f fx l .x2=- l ,  x l ,x2•{-1 ,1} .  (2) 
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Figure 1. 
Now a question arises: how many separable Boolean functions of n variables are there? This is 
an open problem [2]. We use, in the following, SB(n) to denote the set consisting of all separable 
Boolean functions of n variables. 
Let (P, <) be any partial ordered set. A subset Q of P is said to be an antichaln of P if neither 
a _< b nor b _< a holds for each pair (a, b) of elements of Q. Let X be a n-element set, then the 
power set 79(X) of X is a partial ordered set with respect o the order C. How many antichains 
are there in P(X)  is also an open problem [3]. We use Anti(n) to denote the number of antichains 
in P(X)  where IXI = n. This note establishes a relationship between [SB(n)[ and Anti(n). 
The following functions axe said to be AND-OR functions: 
f (x l , . . . ,  x~m) = (. . .  ((zl  A x2) v x3) A . . . )  A ~2m, 
f ( z l , . . . ,  z2m+l) = f ( z l , . . . ,  z2,~) v z~m+l, 
m = 1 ,2 , . . . ,  (3) 
m = 1,2, . . . .  (4) 
It has been pointed out in [2] that (3) and (4) are separable Boolean funtions and the weights 
and thresholds have something to do with the famous old Fibonacci sequence, where a se- 
quence Ul, u2 . . . .  is the Fibonacci sequence if
U l=Us=l  and un+un+l =u,~+2, n=l ,2 , . . . ,  (5) 
hold, i.e., Fibonacci sequence is the following sequence: 
1, 1, 2, 3, 5, 8, 13, 21, 34, . . . .  
Fibonacci sequence possesses many interesting properties, for example, its terms can be surpris- 
ingly expressed by irrationals as follows: 
1 1 1 1 
un=~ -~ , n = 1,2 . . . .  (6) 
and its partial sum of the first n terms 
an = un+2 - 1, n = 1,2 , . . . ,  (7) 
and so on. This note first establishes an interesting representing theorem for AND-OR functions 
which closely connects these funtions with Fibonacci sequence, then introduced the concepts 
of generalized AND-OR functions and generalized OR-AND functions, proves that they are all 
separable Boolean functions and their weights are terms of generalized Fibonacci sequence of 
certain types, and that their thresholds obey very simple formulas consisted of terms of generalized 
Fibonacci sequence. 
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2. EST IMATED BOUND OF ISB(n)I  
DEFINITION 1. Let V2 = {-1, 1} and -1  < 1. 
(i) Define partial order <_ on V~ to be the product order of <_ on 1/2, i.e., 
(x l , . . . , xn)  ~(y l , . . . , yn) ,  i f fx~Sy i ,  i= l , . . . ,n .  
(ii) A subset A of V~ is said to be an upper set if 
x 6 A and x <_ y imply thaty6A.  
(iii) An element x of a subset A of V~ is said to be minimal in A if y E A and y <_ x imply 
that y = x. 
(iv) For every element x = (x l , . . . ,  x,~) 6 V2 ~, 
Tx={yev :x<y} 
is obviously an upper set, called the principal ideal generated by x. 
Recall that if f (xl . . . .  , x,~) is a separable Boolean function with weights wl , . . . ,  wn and thresh- 
old O, then f can be expressed as 
f (x l , . . . ,x ,~)  = sign wixi + 0 , 
\ i=1  
(8) 
or briefly, 
where 
I ~ (w,O), w = (9) 
j" 1, t > O, 
sign(t) (lO) 
-1,  t < O. 
Note that f owns many different expressions like (9). Moreover, for any Boolean function f : 
V~ ~ V2, let 
f - l (1)  = {x e V~ f (x )  -- 1}, (11) 
then it is clear that f is completely determined by f -z(1).  
LEMMA 1. Suppose that f : V~ ~ V2 is a separable Boolean function. If  f has an expression (9), 
of which nil weights are nonnegative, then f -1  (1) is an upper set. 
PROOF. Suppose that (9) holds and wi _> 0 (i = 1, . . . ,n) .  Assume that x = (x l , . . . , xn)  E 
f - l (1 )  and x <_ y = (Yl , . . .  ,Yn). Then it follows from (8), (10), and f(x)  = 1 that 
n n 
w,y,  + 0 > + 0 > o. 
i=1 i=1 
Hence, f (y)  = 1, i.e., y E f - l (1 )  and f - l (1 )  is therefore an upper set. 
Note that f is clearly monotonic. Before estimating the bounds of ISB(n)I, let us divert or 
attention to see a structure theorem of separable Boolean functions with nonnegative weights. 
DEFINITION 2. A separable Boolean function f : V~ ~ ~ I/2 is said to be simple if f has a system 
of weights consisted of 0 and 1. 
Simple functions are clearly monotonic. 
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THEOREM 1. Suppose that f : V~ ~ 172 is a separable Boolean function having an expression 
with all weights nonnegative, then f is a finite union of simple functions. 
PROOF. Let A be the subset of elements of f - t (1 )  which are minimal in f - t0 ) .  It follows from 
Lemma 1 that f -1(1)  is an upper set and so 
f - t (1 )  = U{T a :  a • A}. (12) 
Define for every a = (at . . . . .  an) • A a simple function f~ as follows: 
where 
and 
W og 
I s  ~ = 
{ ;, a~=l ,  (13) w~= 0, a i=- l ,  
8~ = 1 -k ,  
where k is the number of positive coordinates of a, i.e., 
k = : = 1}1 .  
Now 
f~-l(1) =T a 
holds. In fact, it follows from (13) and (14) that 
f~(a) = sign ( f i  wiai + = sign(k + l - k) = X. 
Next, let/3 = (/31,...,/3n) _> a, then 
f~(l~)--=sign( ~-~wil3i+i=t 
i.e., fa (/~) = 1. Finally, if/3 ~ a, then there 
follows from (13) that 
f,~(13) =s ign(~.{wia i :  ai = 1} +e]  < s ign(k -  2 + 1 -k )= 
/ 
This proves (15). 
It remains to prove that 
where A is clearly finite. In fact, let 
04)  
(15) 
0 _> sign w ia i+8 = 1, 
exists an i < n such that ai = 1 and/3i = -1.  It 
f =V{f~:aeA},  (16)  
and assume that f(x) = 1, i.e., x E f -1(1).  Then it follows from (12) that there is an a e A 
such that a _< x holds and so f,~(x) _> fa(a)  = 1. Therefore, it follows from (17) that g(x) = 1. 
Conversely, assume that g(x) = 1, then there exists an a E A such that fa(x) = 1 and so it 
follows from (15) that x = f~l(1)  =1" a holds, i.e., x _> a, and hence, it follows from (12) that 
x E U{T a : a • A} = f - l (1 ) ,  i.e., f(z) = 1. This proves (16). 
Now let us turn back to estimate the bound of ISB(n)I. 
For any upper subset E of V~ n, we use A(E) to denote the subset of E consisted of all minimal 
elements of E. It is evident hat E is completely determined by A(E). Moreover, every pair (a, b) 
of elements in A(E) are clearly not comparable because both a and b are minimal. Hence, A(E) 
is an antichain in the partial order set V2 n. Conversely, given any antichain C in V2 n, define E as 
E=U{Ta:aeC},  
then C = A(E) is clearly valid. Hence, we have, from the above discussion, the following lemma. 
g=V{/o 07)  
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LEMMA 2. There are as many upper sets as antichains in V~. 
DEFINITION 3. Let f : V2 ~ ---* V2 be a sparable Boolean function, then f is said to be a sb + (n) 
function if  f has an expression (9) where every weight in w is nonnegative. The set consisted of 
ali sb + (n) functions win be denoted by SB + (n). 
THEOREM 2. ]SB+(n)I _< Anti(n). 
PROOF. It follows from Lemma 1 and Lemma 2 that we need only to prove that (V2 ~, <:_) and 
(P(X) ,  C) have the same number of antichains where X is any set of cardinality n. 
In fact, suppose that X = {a l , . . . ,  a~}. Define a mapping ~ : V2 n ~ P (X)  as follows: 
~ (Xl, . . .  ,Xn) : {ai: xi = 1}, (18) 
then it is clear that different elements of V2 n have different images in P(X)  (i.e., different subsets 
of X),  and hence, ~ is an injection. Next, given any element A of P(X) ,  determine xi to be 1 
if and only if ai E A (i = 1 , . . . ,  n), then it follows from (18) that ~(x l , . . . ,  xn) = A. Therefore, 
is a surjection, and hence, a bijection between V2 n and "P(X). Moreover, it follows from (18) 
immediately that 
(Xl,...,Xn) ~ (Yl,. . . ,Yn), i f f~(Xl, . . . ,Xn) ~ ~(Yl , . . . ,Yn).  (19) 
Hence, ~ is an isomorphism between the two partial ordered sets (V~, _<) and (P(X) ,  C_). There- 
fore, (V2 n, <_) and (7~(X), C_) have the same number Anti(n) of antichains. 
DEFINITION 4. Suppose that f ~ SB(n), i.e., f is a separable Boolean function with n wariables. 
I f  
f ", (w, 0) and f ,,, (w', 0'), 
then we say that (w, O) and (w', 0') are equivalent o each other and denoted (w, 0) ,-, (w', 0'). 
LEMMA 3. Suppose that (w, 0) :., (w', 0'), where 
w (wl, . .  ,Wn), w I I . w I = • =(Wl , ' "  , n) '  
* . . . W*  W 1 .  /* Fix an i (1 < i < n) and define w* = (wl, , ~) and = (w~*,. . . ,  w n ) as follows: 
{ (' • wj, j ¢ i, ,. wj,  j ~ i, (20) 
wj = -w j ,  j= i ,  wj = -w~,  j= i .  
Then (w*, O) ~ (w'*, O). 
PROOF. Suppose that w* .x+9 > 0, where x = (Xl, . . .  ,x,~) and w*-x is the inner product of the 
vector w* with the vector x. Then it follows from (20) that w. y + O > 0, where y = (Yl , . . . ,  Y~) 
and 
x j, j¢ i ,  
YJ = -x j ,  j = i. 
Hence, it follows from (w, 0) ,,, (w ~, 0') that w ' .  y + 0' > 0, or equivalently, w ~* • x + 0' > 0. 
Conversely, if w ~* • x + 0 ~ > 0, then we can prove that w* • x + 0 > 0 in the same way. This proves 
that (w*, 9) ,-~ (w'*, 0t). 
THEOREM 3. ISB(n)I _< 2 ~. Anti(n). 
PROOF. For every member f of SB+(n) define 
Eq(f)  = {(w,0): f ~ (w,0) and w > 0}, 
where w >_ 0 means all components of w are nonnegative. 
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Suppose that w = (w, , . . . ,  Wn) >_ 0 and A C_ {1, . . . ,  n}, define w(A) = (w l , . . .  , win) as follows: 
, f -wi ,  i • A, 
w i = i = 1 , . . . ,n ,  (21) 
wi, i ~g A, 
and let 
(Eq(f), A) = {(w(A), 0): (w, 0) • Eq(f)}, A C_ {1, . . . ,  n}. (22) 
It follows from Lemma 3 that all the pairs (w(A),  O) in (Eq(f), A) are representing one and the 
same separable Boolean function which will be denoted by (f, A). It can be proved that 
SB(n) = {( f ,A ) :  f • SB+(n), A C_ {1 , . . . ,n}} .  (23) 
In fact, suppose that g • SB(n) and g N (w, 0), where w = (w l , . . . ,  wn) and A = {i : w, < 0}. 
Define w + to be the vector obtained by replacing the components wi of w with -wi  (i • A) and 
let f ,,~ (w +, 0), then it is clear that f • SB+(n) and g ~ (w+(A),  0), i.e., g = (f, A). This proves 
that 
SB(n) c {( f ,A) :  f • SB+(n), A C_ {1 , . . . ,n )} .  
The opposite conclusion is evident, and hence, (23) holds. 
Finally, since it follows from Theorem 2 that ISB+(n)[ < Anti(n) and 
I{A: A C_ {1,. . . ,n}}[ = 2 n, 
we have from (23) that 
[SB(n)[ _< 2 n. Anti(n). 
This completes the proof of Theorem 3. 
EXAMPLE 1. It is well known that the number of Boolean functions of n variables is 22". For 
n = 3, there are 256 Boolean functions, and Anti(3) = 19 (see [4]). Hence, it follows from 
Theorem 3 that there are no more than 23 x 19 = 152 separable Boolean functions of 3 variables. 
For n = 4, there are 224 = 65536 Boolean functions, among them there are no more than 24 • 
Anti(4) = 16 x 167 = 2672 are separable. For n = 5, there are 225 ~ 4.3 x 109 Boolean functions, 
among them there are no more than 25 • Anti(5) = 32 x 7580 = 242,560 are separable. 
3. REPRESENTATIONS OF AND-OR 
FUNCTIONS AND OR-AND FUNCTIONS 
DEFINITION 5. The following functions are called AND-OR functions: 
fl(.T1) ---- Xl, 
f2m (Xl," '' ,X2m) =" f2m-1 (X l , . . . ,X2m-1)  /~x2m, 
f2m+l (Xl,... ,X2m+l) ---- f2m (Xl , . . .  ,X2m) V X2rn+l, 
m = 1, 2, . . . .  
In the following, Ul, u2, . . ,  denote the Fibonacci sequence. 
It has been pointed out in [2] that AND-OR functions are separable Boolean functions and the 
weights and thresholds are related to Fibonacci sequence. Now we have the following distinct 
theorem. 
THEOREM 4. Suppose that fn (X l , . ' ' ,  Zn) is an AND-OR function, then fn is a separable Boolean 
function and fn "~ (wn, On) where 
Wn = (U l , . . . ,  Un), On = (--1)'~+lUn-1, n = 1, 2 . . . . .  (24) 
and uo is assumed to be O. 
This theorem is a corollary of the more general Theorem 6 in the next  section and its proof  is 
hence omitted here. 
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DEF IN IT ION 6. The following functions are called OR-AND functions: 
gl (x l )  = x l ,  
g2m (z l , . . .  ,x2m) = g2m-1 (z l , . . .  ,x2m-1) v z2m, 
92m+1 (x l , . . . ,  X2rn+l) = 92m (x l , . . . ,  x2m) A xzm+l, 
m = 1, 2, . . . .  
The following theorem is a corollary of the more general Theorem 7 in the next section. 
THEOREM 5. Suppose that gn(xl,  . . . , x~) is an OR-AND function, then g,  is a separable Boolean 
function and g,  ,.~ (w, ,  On) where 
Wn=(Ul , . . . ,un) ,  O*=( -1 )nUn_ l ,  n- - I ,2 , . . . ,  (25) 
where Uo is assumed to be O. 
4. GENERAL IZED AND-OR (OR-AND) FUNCTIONS 
AND GENERAL IZED F IBONACCI  SEQUENCE 
DEFINITION 7. Let bl, b2,. . . be a sequence with all terms being natural numbers and bl > 2, let 
B(n)  be the partial sum of the first n terms of this sequence (n = 1 ,2 , . . .  ) and B = (bl, b2 . . . .  ). 
Then the following sequence is called a generalized Fibonacci sequence of type B: 
1)1 : . . . .  1)B(1) : 1, 
VB(n)+I  . . . . .  1 )B(n+l )  ---~ l )B (n -1)  + bn • VB(n) ,  n = 1 ,2 , . . . ,  
(26) 
where VB(o) = 0 is assumed. 
EXAMPLE 2. Let B = (2, 1, 1 , . . .  ), then it follows from (26) and B(n)  = n + I(VB(o) = 0), that  
V 1 ---- 1) 2 = 1, 
vB(1)+l ---- v3 ---- VB(0) + bl • VB(1) ---- 2 • v2 = 2, 
Vn+2 :1 )n  + Vn-b l  , n -~ 2 ,3 ,  . . . .  
This is the Fibonacci sequence. Hence, the Fibonacci sequence is a generalized Fibonacci sequence 
of type B = (2 ,1 ,1 , . . . ) .  
EXAMPLE 3. Let B = (3, 2, 4, 1, 2 , . . .  ), then B(5) = 12 and the first 12 terms of the generalized 
Fibonacci sequence of type B is as follows: 
1,1,1,3,3,7,7,7,7, 31, 38,38. 
3 2 4 1 2 
(27) 
From (27) we see that  this sequence can be divided into five segments of length 3,2,4,1,2, respec- 
tively, and the first term of each segment (from segment 2 on) equals the sum of the terms belong- 
ing to the previous segment add one more term before them, e.g., 7 = 3+3+1,  31 = 7+7+7+7+3,  
etc. 
In the following, we are only concerned with the finite part  of the above sequences consisting 
of their first B(n)  terms, and call the corresponding sequences generalized Fibonacci sequences 
of type (b l , . . .  ,bn). 
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DEFINITION 8. Let bl, b2,.., be a sequence consisting of natural numbers and bl >_ 2. Consider 
the following functions: 
FB(1) = Xl A . . .  A XB(1), 
FB(2m ) = fB(2m_l )  V XB(2m_I)+I V "" • V XB(2m), 
FB(2m+I ) -'- fB(2rn) /k XB(2m)+ 1A ' ' '  A XB(2m+I), 
m-- - - I ,2 , . . . ,  
where FB(,O is an abbreviation Of FB(n)(x l , . . . ,  XB(n)) (n = 1, 2 , . . .  ), and  is called a generalized 
AND-OR function of type (b l , . . . ,  bn). 
EXAMPLE 4. The generalized AND-OR function of type (3,2,4) is as follows: 
FB(3 ) --~ ( (X lAX2AX3)  VX 4 VX5) AX6 AX7AX 8 AX9. 
The dual concept of generalized AND-OR functions is the concept of generalized OR-AND 
functions. 
DEFINITION 9. Let bl, b2,.., be a sequence consisting of naturatnumbers and bl >_ 2. Consider 
the following functions: 
GB(1) ---- X 1 V ' "  VXB(1) , 
GB(2m) = GB(2m-1) A XB(2m-1)+I A "'" A XB(2m), 
GB(2m+I) = GB(2m) V XB(2m)+I V "" '°V XB(2m+I), 
m= 1,2 , . . . ,  
where GB(n) is an abbreviation Of GB(n)(xl, . . . , XB(n)) (n = 1, 2, . . .  ), and is called a generalized 
OR-AND function of type (b l , . . . ,  bn). 
THEOREM 6. Suppose that FB(n)(Xl,. . . ,XB(n)) is a generalized AND-OR function of type 
(b l , . . .  ,bn), then FB(n) is a separable Boolean function and FB(n) ~ (WB(n), 8B(n)), where the 
vector WB(n) is consisted of the terms of the generalized Fibonacci sequence vl, v2, . .  •, vB(n) of 
type (b l , . . . ,  bn) and 
e.(, ,)  = ( -1 )  (v . (n+,)  - (28) 
where VS(n+l) is computed by (26). In other words, let x = (x l , . .  . , xs (n ) )  be a vector of B(n) 
variables and 
SB(n) = wB(n) • x + 8B(n), (29) 
where ws(n) • x is the inner product of ws(n) and x, then 
FB(n) = sign (SB(n) ) ,  (30) 
n = 1, 2, . . . .  
We need two lemmas to prove this  theorem.  
LEMMA 4. The partial sum aB(,) of the first B(n) terms of the generalized Fibonacci sequence 
vl, v2,.. . can be computed as follows: 
PROOF. For  n = 1, we have 
aB(n) = VB(,O + VB(n+I) -- 1. 
fiB(l) ---- Vl -{- "'" -[" VB(1) ~- bl, 
VBO) = 1, VB(2) = bl, 
(31) 
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and (31) holds. Suppose (31) holds for n = k, then it follows from (26) that 
aB(k+l )  ---- GB(k) -t- YB(k)+l -t- ' ' '  -t- VB(k+I) 
= (VB(k) + VB(k+I) -- 1) + bk+lVB(k+l) 
= VB(k+I) + (bk+lVB(k+l) + VB(k) ) - -  I 
= VS(k+l)  n t- VB(k+2) -- 1, 
i.e., (31) holds for n = k + 1. Hence, (31) holds for every n E N. 
LEMMA 5. 
SB(n+I )  • SB(n) "t- YB(n+l) " 
B(n+l )  
E (x, + (-1)n+1) • 
i=B(n)+l 
(32) 
PROOF. Recall that w~ = vi (i = 1, . . . ,  B(n)). On account of (29), (28), and (26), we have 
SB(n+I) : 
B(n+l) 
E w~xi + OB(n+l) 
i=1 
B(n+l )  
= E w,x, + (-1) n+l (VB(n+~)- VB(n+l)) 
i=l 
B(n) B(n-.I-1) 
-= E WiXi + E ViXi + (--1) n+l (bn+lVB(n+l) + VB(n) - VB(n+I)) 
/=1 i=B(n)+l 
B(n) B (n+l )  
= |E  wixi + (-1) n (VB(n+l)--VB(n)) + ~B(n+l) E 
L ~= ~ ~=B(n)+~ 
B(n+l )  
= SB(n) + VB(n+I) E (x, + (-1)r~+1) • 
i=B(n)+l 
(x, + ( - ip  +') 
This proves the lemma. 
COROLLARY 1. SB(~) ¢ 0, n = 1, 2 , . . . .  
PROOF. 0B( D = (--1)I(VB(2) -- VB(1)) ---- (VB(1) -- VB(2)) = 1 -- hi. 
B{1) B(1) 
SB(1)= Ex i+(1 -b l ) :  E (x i -1 )+ l '  
i=1 i=1 
since xi E {-1, 1}, xi - 1 equals -2  or 0, and hence, S~(1) is an odd number. 
Suppose that Ss(n) is odd, then it follows from Lemma 5 that SB(n+I) is also odd because 
xi + (-1) ~+1 is even. Hence, SB(~) is always odd and is, therefore, not 0. 
PROOF OF THEOREM 6. It follows from (30) that We need to prove 
FB(~) (xl , . . . ,xB(n))  = 1, iffSB(~) >0,  (33) 
and 
FB(n) (x l , . . . ,  XB(,~)) = --1, iff Ss(n) < 0. (34) 
In the following, we need only to prove (33) because it follows from Corollary 1 that (33) 
and (34) are equivalent to each other. We will prove (33) by induction. 
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and we see that 
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= ( -1 )  1 = - = 1 - b . ,  
S(1) S(1) 
'5'B(1) = ~ Xi-{- 1-b l  ~-~ Z (x i -  1)+ 1, 
i=1 i=1 
~, ,F"q~=xlA ' "A  XB(1), 
Fs( , )  = 1, iff x l  . . . . .  xs ( , )  = 1. 
Since xi 6 { -1 ,1} ,  we see that xi - 1 = -2  or 0 (i = 1 , . . . ,B (1 ) ) ,  and hence, 
SB(1) > 0, if[ X 1 . . . . .  XB(1) = 1. 
Therefore, (33) holds for n = 1. 
Suppose (33) holds for n = 2k - 1. Consider 
FB(2k ) -: FB(2k_I) V XB(2k_l)+l V • ' '  V XB(2k ). 
It is clear that 
Fs(2k) = 1, iff FB(2k-1) ---- 1 or XB(2k_I)+I = 1 or . . .  or XS(2k) = 1. 
On the other hand, it follows from Lemma 5 that 
B(2k) 
SB(2k ) = SB(2k_I) n u VB(2k )
i=S(2k-1)+l 
(35)  
(x ,+x) .  (38)  
If SB(2k-1) > 0, then it follows from xi + 1 > 0 that SB(2k ) > 0. If there exists an i (B (2k -1)+ 1 < 
i < B(2k) )  such that  xi = 1, then it follows from Lemma 4 that 
SB(2k ) >_ SB(2k_I) "Jc 21)B(2k )
s(2k-1) 
---- ~ ViXi q- 8B(2k-1) q- 2VB(2k) 
i=1 
> --O'B(2k_l) -q- ( _1 )  2k-1 (VB(2k) -- "VB(2k_l) ) -}- 2VB(2k )
= - (VB(2k-1) + VB(2k) -- 1) + VB(2k) + vS(2k-1) = 1 > O. 
Moreover, if Ss(2k-1) < 0 and xi -= -1  (i = B(2k  - 1) + 1 , . . . ,  B(2k)), then it follows from (36) 
that  Ss(2k) < 0. Hence, it follows from the hypothesis of induction that 
SB(2k) > 0, iff FB(2k-1) ------ 1 or XB(2k_l)+l ----- 1 or . . .  or XB(2k) = 1. 
This is the condition in (35). Therefore, (33) holds for n = 2k. 
Finally, suppose that  (33) holds for n = 2k. Consider 
It is clear that  
FB(2k..l_l) : FB(2k ) A XB(2k)..I_ 1A • ' '  A XB(2kR.1). 
FB(2k+I) = 1, iff FB(2k) = XB(2k)+I . . . . .  XB(2k+I) = 1. (37) 
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On the other hand, it follows from Lemma 5 that 
B(2k+l) 
SB(2k+I) = SB(2k) + vB(2k+l) ~ (X~ -- 1). 
i=B(2k)+l 
I f  the condition in (37) holds, then it follows from (38) and the induction hypothesis that  
SB(2k+I ) -~- SB(2k ) > 0. 
Otherwise, we have 
(3s) 
Ss(2k+l) <_ SB(2k) --2VB(2k+I ) 
S(2k) 
= E ViXi + 8B(2k) -- 2VB(2k+I) 
i=1 
(YB(2k) -{- (VS(2k+l) -- VB(2k)) -- 2VB(2k+I) 
= (VB(2k) + VB(2k+I) -- 1) -- VS(2k+l ) - -  VB(2k ) 
= --1 < 0, 
whenever there exists an i (B(2k) + 1 < i < B(2k + 1)) such that  xi = -1 .  If FB(2k ) = --1, i.e., 
SB(2k) < 0, then it follows from (38) and the fact xi - 1 <_ 0(B(2k) + 1 < i < B(2k + 1)) that  
SB(2k+I ) < SB(2k ) < O. 
Therefore, (33) holds for n = 2k + 1. 
Now the induction is completed and therefore Theorem 6 holds. 
COROLLARY :2. Theorem 4 is valid. 
PROOF. Prom Example 2, we see that the Fibonacci sequence is a generalized Fibonacci sequence 
of type (2, 1, 1 . . . .  ). In this situation B(n)  = n + 1 and it follows from (28) that  
8B(n) = 8~+1 = (--1) n (vn+2 -- Vn+l) = (--1)nv~ = (- -1)nu, .  
Moreover, 
we( , )  = w,+l  = (v l , . . . , v~+l )  = (u l , . . . ,  u~+l ) .  
And Theorem 6 says that  
FB(n) = fn+l "~ (wn+l,On+l), n = 1,2 . . . . .  
where Wn+l = (Ul , . . .  ,un+l)  and ~n+l = ( -1)nun.  Furthermore, f l  ~ ((ul),~1) = ((Ul),0) is 
evident. Hence, Theorem 4 is valid. 
We can prove the following theorem and its corollary in the similar way as we did in proving 
Theorem 6 and its Corollary 2. 
THEOREM 7. Suppose that GB(n)(Xl , . . . ,XB(n))  iS a generalized OR-AND function of type 
(b l , . . . ,  bn), then G B(n) is a separable Boolean function and G B(n) ~ (We(n), 9*B(n) , where the 
vector wB(n) is consisted of the terms of the generalized Fibonacci sequence Vl, V2, . . . , VB(n) of 
type (b l , . . . ,  bn) and 
O~B(,~) = (-1) '~ (VB(n) -- VB(n+, ) ) ,  (39) 
where VB(,~+I) is computed by (26). In other words, let x = (X l , . . .  ,xB(n)) be a vector o rB(n)  
variables and 
S~(n) = WB(n) • x + Ok(n), (40) 
where ws(,~) . x is the inner product of wB(,~) and x, then 
( * ) (41) GB(~) = sign SB(n) , 
n= l ,2 , . . . .  
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COROLLARY 3. Theorem 5 is valid. 
EXAMPLE 5. Suppose that 
F9 -- FB(3) = ((Xl Ax 2Ax3) Vx4 Vx5) Ax6 Ax7 Ax8 Ax9, 
then F9 ~ (wg, 89), where 
and it follows from (26) that 
w9=(1 ,1 ,1 ,3 ,3 ,7 ,7 ,7 ,7 ) ,  (42) 
09 = 0B(3) = ( - -1 )  3 (VB(4) --  VB(3) ) : --  (4 x 7 + 3 - 7) = -24 .  
Moreover, suppose that 
G9 =GB(3) ---- ((XlVX2Vx3) Ax4Ax5)Vx6Vx7VxsVx9,  
then G9 ,~ (Wg, 0~), where wo is the same as given in (42) and 8~ can be computed by (39): 
0; = 0~(3) = ( -1 )  3 (VB(3)  --  vB(4)) 24. 
REFERENCES 
1. A.G. Hamilton, Logic For Mathematicians, Cambridge University Press, (1978). 
2. S.I. Gallant, Neural Network Learning And Expert System, MIT Press, (1993). 
3. I. Rival, Unsolved problems, Order 4 (411), (1988). 
4. G.J. Wang, Anti-chains and its applications inenumerating ternary logic functions, Chinese Science Bulletin 
42, (1997). 
